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Abstract. We perform an analysis of preliminary data on hadron yields and fluctuations within the statis-
tical hadronization ansatz. We describe the theoretical disagreements between different statistical models
currently on the market and show how the simultaneous analysis of yields and fluctuations can be used to de-
termine if one of them can be connected to underlying physics. We perform such an analysis on preliminary
RHIC and SPS A–A data that includes particle yields, ratios and event-by-event fluctuations. We show that
the equilibrium statistical model can not describe the K/π fluctuation measured at RHIC and SPS, unless
an unrealistically small volume is assumed. Such a small volume then makes it impossible to describe the
total particle multiplicity. The non-equilibrium model, on the other hand, describes both the K/π fluctua-
tion and yields acceptably due to the extra boost to the π fluctuation provided by the high pion chemical
potential. We show, however, that both models significantly over-estimate the p/π fluctuation measured at
the SPS and speculate for the reason behind this.

PACS. 25.75.-q; 24.60.-k; 24.10.Pa

1 Introduction

One of the main objectives of heavy ion physics is to study
the collective properties of QCD matter: its equation of
state, transport coefficients and phase structure, and the
dependence of these on energy and system size.
Thus, the natural approach to study soft particle pro-

duction in heavy ion collisions is through statistical me-
chanics techniques. Such an approach has a long and illus-
trious history [1–4]. A consensus has developed that the
statistical hadronization model can indeed fit most or all
particles for AGS, SPS and RHIC energies [5–11].
The statistical model obtains particle yields by assum-

ing entropy to be maximized given the constraints imposed
by energy and quantum number conservation. These con-
straints can either be imposed rigorously, as required for
closed equilibrated systems, or on average, as required for
a sub-system equilibrated with an unobserved “bath”. Full
energy and quantum number conservation is usually re-
ferred to as the micro-canonical ensemble, while the canon-
ical (C) and grand-canonical (GC) ensembles assume that,
respectively, energy and other conserved quantities can
vary via system-bath exchange. In this work, we shall con-
centrate on the GC ensemble, as we see it as most appro-
priate for describing the statistically hadronizing fireballs
produced in heavy ion collisions.
Our approach is not universally agreed on by the heavy

ion community; In fact, noteworthy attempts were made
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to explain the dependence of certain observables with re-
spect to energy and system size (the “horn” structure
in the K+/π+ ratio dependence on energy [12], as well
as the strange particle enhancement at larger energies
and system sizes [13, 14]) on the limits reached in differ-
ent regimes; averages of observables over all events are
the same in all three ensembles in the limit of either a
“large” system (high energy and system volume) or an ob-
served small sub-system of a large system (mid-rapidity).
Away from these limits (low energy, p–p and p–A colli-
sions), the three ensembles give very different results, and,
given the low multiplicity of strange particles in these col-
lisions, it is necessary to enforce exact conservation to
correctly count the particle states (canonical or micro-
canonical ensemble). The onset of strangeness enhance-
ment [15], and perhaps structures such as the horn, have
been speculated to arise from the transition between these
limits.
Both the horn [16] and strangeness enhancement [5] are

also regarded as indicators of a deconfined state of matter.
If this is correct, then the energy and system size where
they develop indicate the point at which the system can
be described as an equilibrated deconfined quark–gluon
plasma (QGP).
Distinguishing between these two explanations is a phe-

nomenological question: the ensemble assumption is a fal-
sifiable one, in the sense that a physically inappropri-
ate ensemble is very unlikely to describe the available
experimental data, if the data include yields and event-
by-event fluctuations [17–19]. Hence, a statistical model
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analysis at different energies and system sizes, of both
yields and event-by-event fluctuation observables, will iso-
late the statistical physics (if any) responsible for the ob-
served features. The present work is a step in this direc-
tion, focusing on a grand canonical analysis of top en-
ergy RHIC (

√
s = 200GeV/A Au–Au collisions) and SPS

(
√
s= 17.6GeV/A Pb–Pb collisions) heavy ion data.
Yields and fluctuations in the GC ensemble are calcu-

lated via the quantum statistic “ideal gas” formulae
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∫
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Here gi is the degeneracy, V the system volume, the up-
per sign is for fermions and the lower sign for bosons. It
is sometimes confusing that states in a “strongly interact-
ing” system can be accurately predicted via the ideal gas
ansatz. The key insight [4] is that accounting for all strong
excitations (resonances) is equivalent to counting the QCD
“energy levels”. Since hadronic interactions are resonance
dominated (a consequence of the confining nature of QCD)
this is a good approximation. Lattice studies have con-
firmed the validity of this approach quantitatively [20].
The final state yield of particle i is computed by adding

the direct yield and all resonance decay feed-downs. We
have

〈Ni〉tot = 〈Ni〉+
∑
all j→i

Bj→i 〈Nj〉 , (3)
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The parameter λi corresponds to the particle fugacity, re-
lated to the chemical potential by λi = e

µi/T . Provided
the law of mass action holds, it should be given by the
product of charge fugacities (flavor, isospin etc.). It can
be parametrized in terms of equilibrium fugacities λeqi and
phase space occupancies γi. A hadron i with q(q) light
quarks, s(s) strange quarks and isospin I3 has fugacity

λi = λ
eq
i γ

q+q
q γs+ss , λeqi = λ

q−q
q λs−ss λI3I3 . (5)

The temperature and chemical potentials can be obtained
from the data by doing a χ2 fit [21] (the chemical potentials
for strangeness, λs, and isospin, λI3 , are usually obtained
by requiring strangeness andQ/B to be conserved).
If the system is in chemical equilibrium, then detailed

balance requires that γq = γs = 1. Assuming γq = 1 and
fitting ratios gives the T ∼ 160–170MeV freeze-out tem-
perature typical of chemical equilibrium freeze-out models
at SPS and RHIC [6–8]. Some fits [7, 11] also allow for a ki-
netically out of equilibrium strangeness quantum number,
which is found to be at chemical equilibrium (γs = 1) at
RHIC and slightly below equilibrium (γs < 1) at SPS.

In a system expanding and undergoing a phase tran-
sition, however, the condition of chemical equilibrium no
longer automatically holds, so one has to allow for the
possibility that both γs and γq �= 1. In particular, if the
expanding system undergoes a fast phase transition from
a QGP to a hadron gas, chemical non-equilibrium [5] and
super-cooling [22] can arise due to entropy conservation: by
dropping the hadronization temperature to∼ 140MeV and
oversaturating the hadronic phase space above equilibrium
(γq ∼ 1.5, γs ∼ 2), it is possible to match the entropy of
a hadron gas with that of a system of nearly massless par-
tons [5]. These are exactly the values found for γq and T at
SPS and RHIC in fits where γq was a fit parameter [9, 10].
The “γq = 1” and “γq fitted” approaches are different

models of how hadrons are produced in heavy ion colli-
sions. They are both based on statistical mechanics, yet
differ in the physics underlying it. They are, in principle,
distinguishable experimentally, but they have not been dis-
tinguished to date.
Figure 1 in [9] illustrates why an experimental test of

either of these models is non-trivial: an increase in tem-
perature acts in a very similar way on particles and anti-
particles as an increase in γ: the abundances of both go up.
The amount by which relative particle abundances go up is
different, making the two models distinguishable by yields
alone. However, this difference is not enough to convinc-
ingly disentangle the two models, given the large experi-
mental errors in measurements of yields and ratios.
To falsify one of the models it is necessary to con-

sider event-by-event fluctuations as well as average particle
yields [23]. If γq becomes as large as claimed in [9], the pion
chemical potential λπ approaches e

mπ/T . Near this limit
(corresponding to the critical density for pion B–E con-
densation) it can be shown [23] that 〈Nπ〉 converges but〈
(∆Nπ)

2
〉
diverges as

〈
(∆N)2

〉
∼ ε−1/2 , (6)

where ε= 1−λπe−mπ/T . Thus, while T and γq are corre-
lated in yields, they are anti-correlated in fluctuations. The
measurement of a yield and fluctuation constrains both to
a high precision. At least one of the models will be ruled
out by inclusion of a fluctuation in the fit. Inclusion of
more than one fluctuation can be used to test the remain-
ing model.
The question of chemical equilibration is closely related

to the accounting for hadronization when modeling freeze-
out. While a quantitative treatment of this topic is still
lacking, it is obvious that if the freeze-out temperature is
higher (i.e., γq = 1), the effect of hadronic interactions be-
tween chemical and thermal freeze-out is greater than if the
system freezes out from a super-cooled state (γq > 1).
It is also unclear what, if any, the effect is on ob-

servables of the evolution between hadronization (the for-
mation of hadrons as effective degrees of freedom) and
freeze-out (the moment when all hadrons decouple) [24].
As shown in [25], the discrepancy with experiment would
lessen if chemical and kinetic freeze-out were to coincide.
While, as claimed in [25], such a high freeze-out tempera-
ture would spoil agreement with particle spectra, fits based
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on a single freeze-out model prescription have shown that,
provided a correct treatment of resonances is maintained,
particle spectra are compatible with simultaneous freeze-
out [26–28].
A way to distinguish between these scenarios is to di-

rectly measure the abundance of resonances. Here, the
situation becomes even more ambiguous: as pointed out
in [29], resonance abundance generally depends on two
quantities:m/T , wherem is the resonance mass and T the
chemical freeze-out temperature, as well as τΓ , where Γ is
the resonance width and τ the re-interaction time. Observ-
ing two ratios where the two particles have the same chem-
ical composition, but differentm and Γ , such asΛ(1520)/Λ
versus K∗/K, or Σ(1385)/Λ versus K∗/K, could there-
fore be used to extract the magnitude of the freeze-out
temperature and the re-interaction time. Studies of this
type are still in progress; as we will show, Λ(1520)/Λ and
K∗/K seem to be compatible with sudden freeze-out, pro-
vided freeze-out happens in a super-cooled over-saturated
state [5, 9, 10]. Other preliminary results, such as ρ/π,
∆/p [8], and now Σ∗/Λ [31] seem to be produced in ex-
cess of the statistical model [8, 30, 31], both equilibrium
and not. It is difficult to see how a long re-interacting phase
would produce such a result: resonances whose interac-
tion cross-section is small with respect to the time-scale
of collective expansion would generally be depleted by the
dominance of rescattering over regeneration processes at
the detectable (on-shell) mass range. More strongly inter-
acting resonances would be re-thermalized at a smaller,
close to thermal freeze-out temperature. Both of these sce-
narios would generally result in a suppression, rather than
an enhancement, of directly detectable resonances. Trans-
port model studies done on resonances generally confirm
this [32, 33]. Yet the only resonance, so far, found to be
strongly suppressed with respect to expectations is the
SPS Λ(1520) [34], and even that measurement is to date
preliminary.
The observation of an enhanced µ+µ− continuum

around the ρ peak [35] has been pointed to as evidence of
ρ broadening, which in turn would signify a long hadronic
re-interaction phase [35]. The absence of a broadening in
the nominal peak itself prevents us from considering this as
the unique interpretation of experimental data. Moreover,
even a conclusive link of broadening with hadronic re-
interactions would still give no indication to the length of
the hadronic rescattering period. Nor would it resolve the
discrepancies pertaining to hadronic resonances encoun-
tered in the previous paragraph; the lack of modification
in either mass or width between p–p and Au–Au seen so
far [30, 31] is only compatible with the NA60 result pro-
vided the ρ is very quick to thermalize, so [30] sees only
the ρs formed close to thermal freeze-out. But, as argued
in the previous paragraph, that under-estimates the abun-
dance of the ρ and other resonances, since the ρ/π,K∗/K,
and even Λ(1520)/Λ ratios point to a freeze-out tempera-
ture significantly above the 100MeV, commonly assumed
to be the “thermal freeze-out” temperature in a staged
freeze-out scenario.
To help resolve this ambiguity, we aim to directly infer

the magnitude of hadronic re-interaction by combining,

within the same analysis, an observable sensitive to the
chemical freeze-out resonance abundance with the direct
observation of resonances. As shown in [36], the measure-
ment of fluctuations of a ratio is such an observable.
The fluctuation of the ratio N1/N2 can be computed

from the fluctuation of the denominator and the numera-
tor [36] (σ2X =

〈
(∆X)2

〉
/ 〈X〉):

σ2N1/N2 =

〈
(∆N1)

2
〉

〈N1〉
2 +

〈
(∆N2)

2
〉

〈N2〉
2 −2

〈∆N1∆N2〉

〈N1〉 〈N2〉
. (7)

Note that the appearance of a negative correlation term
between N1 and N2 stemming from a common resonance
feed-down (∆→ pπ will be a source of correlation between
Np andNπ). We have

〈∆N1∆N2〉 ≈
∑
j

bj→12 〈Nj〉 . (8)

This correlation term is an invaluable phenomenological
resource, since it is sensitive to resonance abundance at
chemical freeze-out [36]; further re-interaction, provided
resonances are not kicked out of the detector’s acceptance
region [23], preserves the correlation even when the ori-
ginal resonance stops being reconstructible. Thus, a meas-
urement of the ratio fluctuation together with the di-
rectly detectable resonance yield gauges the amount of re-
interaction between the thermal and chemical freeze-out. If
the re-interaction period is short, both observables should
be described by the same statistical model parameters
The main experimental problem with fluctuation meas-

urements is the vulnerability to effects resulting from
limited detector acceptance. This difficulty can be less-
ened, to some extent, by considering “dynamical” fluc-
tuations, obtained by subtracting a “static” contribution
which should be purely Poisson in an ideal detector:

σdyn =
√
σ2−σ2stat ; (9)

σstat, usually obtained through a mixed event approach
[37], includes a baseline Poisson component, which for
the ratioN1/N2 can be modeled as

σ2stat =
1

〈N1〉
+
1

〈N2〉
, (10)

as well as a contribution from detector efficiency and kine-
matic cuts. Provided certain assumptions for the detec-
tor response function hold (see Appendix A of [37]), sub-
tracting σstat from σ should yield a “robust” detector-
independent observable.
More complicated to deal with are detector acceptance

effects affecting particle correlations (the probability for
both resonance decay products to be within the detector
acceptance region) [23]. These were not corrected for in the
present study; RHIC data-points do not include this term,
while at SPS, due to its large acceptance, this term is likely
to be less important.
Related to the time-scale of the thermal freeze-out is

the question of the total normalization of the system. This
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quantity can be obtained in fits by fitting yields of par-
ticles rather than ratios. It is physically important because
it is connected to the system’s volume at chemical freeze-
out, which is in turn important to gauge the relative im-
portance of the hadronic phase in the system’s dynam-
ics [24]. It is also necessary to obtain the thermal energy
and entropy content of the system [9], and its scaling with
centrality.
Normalization, however, introduces an additional source

of inter-parameter correlation, since it scales in the same
way as T and γq. Measuring fluctuations of ratios in add-
ition to yields and ratios, once again, can be used to
disentangle these three quantities. Note from (7) and (10)
that fluctuations of ratios, while independent of the volume
fluctuation, scale as the inverse of the absolute normaliza-
tion, σN1/N2 ∼ (〈V 〉T

3)−1.
Hence an increase in volume makes the yields go up

and does not affect the average ratios, but it decreases the
event-by-event fluctuation of ratios. An increase in tem-
perature generally affects both yields and ratios, increases
the yields and decreases the fluctuations. An increase in
γq increases yields, baryon to meson ratios and fluctua-
tions. It is therefore not difficult to fix all three parameters
with a data sample of relatively few data-points, provided
yields, ratios and fluctuations are present.

Table 1. Best fit parameters at SPS Pb–Pb
√
s= 17.3 GeV and RHIC Au–Au

√
s= 200 GeV

collisions

RHIC Au-Au
√
s= 200 GeV SPS Pb-Pb

√
s= 17.3 GeV

γq �= 1 γq = 1 γq �= 1 γq = 1

T [MeV] 143.3±2.5 159.6±6.9 138.2±2.3 151.3±3.8
µB = 3T ln(λq) [MeV] 20.8±3.9 23.2±3.4 231.2±19.1 248.0±25.1

µs = T ln
(
λqλ

−1
s

)
[MeV] 4.5±1.1 5.1±0.8 58.6±0.78 60.5±9.3

µI3 = T lnλI3 [MeV] −0.4±0.1 −0.7±0.2 −4.1±1.1 −8.8±2.1
γq 1.541±0.001 1 1.645±0.003 1
γs 1.980±0.158 1.083±0.112 1.577±0.116 0.815±0.067
Normalization (fm3) 1356±395 1689±488 2540±658 3746±444

Fig. 1. Best fit yields, ratios and fluctuations for RHIC (left panel) and SPS (right panel). Green circles represent a fit where γq
was fitted. Red triangles down, γq = 1 and yields not fitted. Blue squares, γq = 1 and fluctuation not fitted. Red triangles, γq = 1,
normalization determined from the fluctuation and yields not fitted. The magenta diamond refers to a calculation with halved
fluctuations, as per (11). The blue triangle up (right panel only) refers to enhanced ∆ production (m∆ =mp)

2 Fit to RHIC and SPS data

We have performed fits for both SPS and RHIC ener-
gies, using publicly available statistical hadronization soft-
ware [38, 39]. For RHIC, we have used the same data
sample as in [40], including σdyn

K+/π+
and σdyn

K−/π−
[41].

For SPS yields, we used the same data sample as in [9],
augmented by preliminary fluctuation measurements of

σdyn
(K++K−)/(π++π−)

and σdyn
(p+p)/(π++π−)

[42]. It should be

noted that the model under consideration is far more plau-
sible when applied to RHIC than to SPS data, since the
fluctuation measurement in [42] encompasses a large ac-
ceptance region with non-trivial momentum cuts, that
only with the greatest hesitation can be imagined as a sub-
system in equilibrium with a bath.
Our fit parameters include the normalization (hope-

fully related to the system “volume” at chemical freeze-
out), temperature, λq,s,I3 and γq,s. We also require, by im-
plementing them as data-points, strangeness (〈s− s〉= 0±
0.01), charge and baryon number (〈Q〉 / 〈B〉= Z/A±0.01)
conservation.
The results of the analysis are shown in Table 1 and

Fig. 1. An equilibrium analysis (γq = 1, empty blue squares
in Fig. 1) fits the particle yields and ratios but under-
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predicts σdynK/π by many standard deviations. If σ
dyn
K/π is

fitted together with ratios (red triangles down in Fig. 1)
but no yields, it forces the system volume (all other pa-
rameters being the same within error) to be unrealistically
small (∼ 500 fm3 at RHIC, ∼ 1000 fm3 at SPS), thereby
under-predicting particle yields by several standard devi-
ations. It is only the addition of γq (circles in Fig. 1) that
allows fluctuations to be driven to a high enough value
while maintaining sufficiently high volume to describe the
particle multiplicities, and to sufficiently high temperature
to describe ratios.
It is important to underline that both yields and fluc-

tuations contribute to such a precise determination: equi-
librium statistical models can describe most yields and ra-
tios acceptably with γq = γs = 1, but fail to describe the
event-by-event fluctuation. Conversely, transport models
provide an acceptable description of event-by-event fluctu-
ations [43] but fail to describe the yield of multi-strange
particles [44].
Unlike what is sometimes asserted, the Λ(1520) and

K∗ are acceptably described by the statistical model at
RHIC. The strongest disagreement arises from Σ∗ under-
prediction, at the level of 1.5 standard deviations. We
await for more measurements of resonances such as ∆ and
ρ in central collisions before trying to interpret this under-
prediction.
The acceptable description of the Λ(1520) andK∗ yield

using the same freeze-out temperature as the stable par-
ticles, and the under-prediction of the Σ∗, makes a case
for the proposition that the re-interaction period between
hadronization and freeze-out might be not as significant as
generally thought. However, the current data are not capa-
ble to rule out such a long-re-interaction period, since the
crucial fluctuations of ratios correlated by resonances (e.g.

σ
K+/π−
dyn versus σ

K+/π−
dyn ) are still not available at RHIC

and are not precise enough at for such a falsification at
SPS.
It will also be interesting to see if the SPS resonance re-

sults (preliminary since 2001 [34], shown in the plot but not
included in the fit) are confirmed: here, while theK∗ abun-
dance is acceptably described by both the equilibrium and
the non-equilibrium model, Λ(1520) is considerably over-
predicted by both models, through the disagreement with
the equilibrium model is larger, due to the higher freeze-
out temperature.
The discrepancies between this fit and earlier fits with

γq [9] are due to the data-set choice. The lower temperature

and higher γq at SPS are due to the Σ
∗,K∗ and Λ(1520)

resonance yields at RHIC that push for a higher tempera-
ture, both in equilibrium and non-equilibrium. Until now,
unfortunately, no published resonance result exists in SPS,
although Λ(1520) and K∗ results are available in confer-
ence proceedings [34]. These are displayed in Fig. 1 but
were not used in the fit.
Qualitatively, the only major difference between SPS

and RHIC systems is the higher baryo-chemical potential
(µB), expected due to the higher initial transparency at the
higher energy RHIC collisions. The introduction of γq as
a fit parameter makes the freeze-out temperature drop to

a value compatible with the QGP super-cooling hypothe-
sis and decreases the volume by ∼ 30% (a result that goes
in the right direction to explain the “HBT puzzle” [25]).
Due to the very different acceptances in the experiments at
RHIC and SPS, a direct comparison of the volumes would
not be meaningful.
The main disagreement between the data and all

models is the over-prediction of σdynp/π at SPS. Other

works [42] have suggested that the low value of σdynp/π is
indicative of a rich ∆ resonance abundance at chemical
freeze-out. The preliminary observation of an enhanced ∆
production at RHIC [8] ties in well with this picture. How-
ever, this study puts this conjecture in doubt: as can be
seen from the figure, even if one assumes that m∆ =mp,
or∼ 80% of the photons come from∆s (blue triangle up in
the right panel of Fig. 1), it is still not enough to account
for the discrepancy.
It is intriguing that halving the fluctuation term in (7),

σN1/N2 =
1

2

〈
(∆N1)

2
〉

〈N1〉
2 +

〈
(∆N2)

2
〉

〈N2〉
2 −2

〈∆N1∆N2〉

〈N1〉 〈N2〉
,

(11)

produces a result compatible with observations (magenta
diamond in Fig. 1) for σdynp/π . This is the scaling expected,
in the thermodynamic limit, if the ensemble physically rel-
evant for baryons were canonical rather than GC [17, 18].
The roughness of this estimation, and the preliminary na-
ture of the data-points in question prevents us from draw-
ing conclusions from the result. We also point out that
if this scaling is applied to kaons (suggesting C ensemble
for strangeness) rather than protons (suggesting C ensem-
ble for baryon number), the model fails miserably at both
SPS and RHIC, as Fig. 1 shows. We eagerly await more
complete and rigorous studies using the canonical ensem-
ble [19] to further clarify these issues.
In conclusion, we have used preliminary experimental

data to show that, at both 200GeV Au–Au collisions and
17.6GeV Pb–Pb collisions, the equilibrium model is un-
able to describe both yields and fluctuations within the
same statistical parameters. The non-equilibrium model,
in contrast, succeeds in describing almost all of the yields
and fluctuations measured so far at SPS and RHIC, with
the parameters expected from a scenario where non-
equilibrium arises through a phase transition from a high
entropy state, with super-cooling and oversaturation of
phase space. Some preliminary SPS data-points, such as
the Λ(1520) yield and the σdynp/π , are however significantly

over-predicted in both equilibrium and non-equilibrium
models. We await more published data to determine
whether the non-equilibrium model is really capable of ac-
counting for both yields and fluctuations in all light and
strange hadrons produced in heavy ion collisions.
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